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Structural Analysis of a Parawing during Deployment
PAUL M. KENNER*

Vought Missiles and Space Co. jLTV Aerospace Corporation, Dallas, Texas

A finite element method is used to determine the critical stress distribution in the canopy of a 4000 sq ft, twin
keel, parawing with a 5000 Ib payload. The analysis accounts for finite strains and nonlinear material proper-
ties, and includes both tape and anisotropic triangular membrane elements. The convergence of the finite element
method is demonstrated by the results obtained for a tape-stiffened, cylindrical membrane using the parawing
material properties and a uniform internal pressure distribution of the same mean intensity as that experienced by
the parawing. Good convergence was not attained for the parawing solution due to the asymmetric geometry and
loading conditions. However, the solution does predict failure stress levels in the region where a tear failure was
experienced in the drop test. The results also imply that the use of additional suspension lines along the side
lobe leading edges would reduce the fabric stress in the critical region.
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Nomenclature

= surface area of membrane element, cross-
sectional area of tape element

= matrix of stress-strain coefficients {a} =

A( )
= angle from the x axis to the warp axis
= increment in ( )

-- components of [D] in element coordinates
= elastic modulus for tape element
= stress-strain relations derived from test data

[ D ] = [ G ] - 1

-- system stiffness matrix
= element stiffness matrixf
= length of tape element
= wing leading edge
= leading-edge suspension lines, J left lobe
= leading-edge suspension lines, J right lobe
= keel suspension lines, J left side
= keel suspension lines, J right side
= trailing-edge suspension lines, J left side
= trailing -edge suspension lines,} right side
= system nodal load vector
= system nodal displacement vector
= thickness of membrane
= nodal displacement vector
= x y z components of u
= element coordinate system
= lobe coordinate system
= stress-strain coefficients for membrane ele-

ment
= element strain
= element strain components
= element stress
= element stress components
= generalized stresses, 77 = awt, £ = aft,
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Introduction

THE development of technology for flexible recovery
devices having a capability for gliding flight has been

pursued by the parawing research program at the NASA
Langley Research Center for over a decade.1'2 In the course
of this work, difficulties were encountered with the deploy-
ment of the intermediate scale, twin keel, parawing. Repeated
instances of canopy damage were experienced at intermediate
dynamic pressures (60 psf). Drop tests and wind-tunnel
experiments with smaller parawings had indicated that with
proper reefing, dynamic pressures at deployment of 100 psf
were feasible.2"4

In order to provide a better understanding of the parawing
deployment problem, Langley Research Center considered it
desirable to perform a structural analysis of the parawing
canopy for one of the flights in which damage was experienced.
As a prerequisite, a flight data analysis to determine the geo-
metric, aerodynamic, and kinematic characteristics of the
deployment phase of two representative drop tests was con-
ducted for LRC by the Vought Missiles and Space Company.5
In addition, an extensive test program to determine the coeffi-
cients describing the stress strain relations of the parawing
fabric was undertaken by Langley Research Center.6

The purpose of this study is to determine the stress distribu-
tion in the canopy of the flight designated 203-T for the critical
(failure) geometry and loading conditions obtained in Ref. 5,
using the material properties defined in Ref. 6. A finite
element method7-8 is used. In view of the conditions implied
by the material properties, geometry, and loading, the piece-
wise linear approach9"11 was selected. The present applica-
tion accounts for finite strains, nonlinear material properties,
and includes both tape and anisotropic triangular membrane
elements.

The results include the nodal displacements, reactions, and
element stresses for each element of the entire right lobe of
the parawing. These elements include the canopy membrane,
seam reinforcement tapes, leading-edge tapes, and suspension
lines. The basic equations and the essential details of the
method of solution are also presented. The convergence of
the method is demonstrated by the results obtained for a tape
stiffened cylindrical membrane subjected to internal pressure.
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Fig. 1 Plan view of intermediate scale parawing.

Parawing Structure

The canopy structure and dimensions, together with the
location and extent of the failure, is shown in Fig. 1. The
canopy was fabricated from a low permeability (polyurethane
coated) 2.25 oz/yd2 nylon rip-stop fabric. The typical panel
width was 28.8 in. Alternate panel seams were reinforced
with nylon tapes (MIL-T-5608—1500 Ib, 2000 Ib, and 3000 Ib
rated strength) sewn on both top and bottom surfaces. The
locations of particular tape types is indicated by the total
rated strengths shown in Fig. 1. The keels and wing skirts
were reinforced with nylon webbing (MIL-W-4088—3600 Ib
bottom side and 5500 Ib top side for skirts; 9000 Ib for keels,
2 per keel). Nylon cords (MIL-C-7515—3500 Ib, 4500 Ib, and
5500 Ib, rated strength) were used for the suspension lines.
Leading-edge suspension lines are designated LI, L2, ..., L6
and R19 ..., R6 for the left and right lobes, respectively. All
are 5500 Ib cords except for R3 and L3 which have a 10,000 Ib
rating. Trailing-edge suspension lines are designated LT1,
LT2, LT3 and RT1, RT2, RT3 and all have a 3500 Ib rating.
Keel suspension lines (12 each side) were attached at the inter-
section of the seam reinforcement and the keel webbing. All
are 4500 Ib cords except for LK1, LK12, RK1, and RK12
which have a 5500 Ib rating.

Geometry and Loading Conditions at the Critical Time

The parawing deployment process used in the tests con-
sisted of four reefed stages followed by the fully inflated,
gliding flight stage. The inflated shapes for the first four
reefed stages are shown in Fig. 2. It was concluded in
Ref. 5 that the critical loading conditions occurred during
second stage reefed inflation. The first motion of the left
lobe was observed immediately after the reefing lines were cut.
Motion of the right lobe was observed 0.03 sec later, and the
two lobes proceeded to inflate approximately simultaneously.

STAGE FOUR

At 0.21 sec after the first motion was observed the spanwise
displacement of points R3 and L3 reached the maximum
allowed by the canopy geometry and the spanwise motion
was suddenly arrested. Simultaneously, a tear failure was
observed in the right lobe near point 7?3, and the maximum
suspension loads were recorded. Consequently, the condi-
tions at this time were selected as the critical conditions for
the right lobe.

The finite element model of the canopy is shown in Fig. 3.
Figure 3a is a view of the elements of the upper surface of the
right lobe, viewed from below. Similarly, Fig. 3b shows the
elements of the lower surface. The circled numbers designate
membrane elements. The numbers in parentheses refer to
tape elements, and numbers at the intersections of the various
elements are the node numbers. In all there are 81 nodes and
193 finite elements of which 130 are membrane elements. All
of the "nodes lie on the surface of the canopy, except for 80
and 81 which represent the right reel reef point and the
suspension line attachment to the test vehicle, respectively.
The xf y' z' axes shown form a right hand system with the z
axis positive downward. The position of each node relative
to this system is given in Table 1.

Large pressure coefficients were identified in Ref. 5 as
resulting from the arresting of flow by the sudden termination
of the spanwise expansion of the lobes. These transient
aerodynamics produced pressure differentials on the right
lobe as high as six times the dynamic pressure of the freestream
(8.0 psf). The critical aerodynamic loading is represented in
Table 1 by the x'9 y' and z' force components at the node
points.

In Ref. 5 the maximum decelerations were estimated as
193 #'s for R3 and 109 #'s for L3. Although these decelera-
tions are quite large, the associated inertia loading is negligible
compared with the aerodynamic loading because of the light
weight of the canopy structure.

Method of Analysis

The linear incremental method employed herein is equiva-
lent to an elementary scheme of forward integration with the
generalized load, {P}, as the independent variable and the
generalized displacement, {Q}, as the primary dependent
variable. That is, let {at}k and {et}k denote the stresses and
strains existing in element k at the beginning of the ith step,
and let [K(Qh at)] and [K(Qh ai)]k denote the corresponding
system and element stiffness matrices. Then the incremental
displacement, {AQJ, resulting from the incremental load,
{AP,}, is

(1)
The new total load and displacement are given by:

(2)

(3)
and the new element strains and stresses are determined from:

= [K(Qh crt

Fig. 2 Inflated canopy shapes.

(4)

(5)

where {Ae,-}* and {Ao-,}k are the increments in strain and stress
of element k, corresponding to the incremental displacement,
{AQi}. These results are used to determine new element
stiffness matrices, [K(Qt+i, ai+i)]k, from which the system
stiffness matrix [K(Qi + i9 ai+1)], appropriate to the next load
increment, {AP£+1}, is formulated. The process is then
repeated with {AP£+1}, {AP£+2}, etc., until the desired loading,
{P} = £{APi}, is obtained.

Two types of finite element are employed: a tape (flexible
rod) element and a membrane (flexible plate) element. Both
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Fig. 3 Finite element model of parawing right-lobe.
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Table 1 Coordinate locations and aerodynamic loading for parawing right lobe

Nd
No

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41

Coordinates,
in.

x'

59.4
36.0
30.0

-15.0
-46.0

62.5
66.4
63.1
42.3
19.5
7.8
0.0

-28.5
-42.6
-60.0
-75.0
-60.0

60.0
67.5
73.1
69.4
45.0
20.7
0.0

-30.0
-60.0
-98.0

-100.0
-90.0
-60.0

54.0
61.2
68.1
74.4
69.0
30.0

-15.3
-50.7
-88.2

-120.0
-120.0

z'

233.2
237.0
233.8
232.3
232.5
222.0
222.0
222.0
222.0
222.0
222.0
222.0
222.0
222.0
222.0
222.0
222.0
192.0
192.0
192.0
192.0
192.0
192.0
192.0
192.0
192.0
192.0
203.5
195.6
185.7
175.0
162.0
162.0
162.0
162.0
162.0
162.0
162.0
162.0
162.0
178.8

z'

-30.9
-22.5
-18.0
-6.0

9.5
-29.8
-34.0
-36.9
-38.0
-34.2
-11.2
-29.3
-28.8
-14.1
-13.7

3.5
20.7

-27.4
-31.0
-42.6
-48.7
-59.0
-52.5
-57.6
-57.0
-47.4
-14.8

1.2
15.6
32.4

-30.0
-39.4
-43.2
-52.2
-58.4
-73.2
-78.3
-68.7
-49.4
-28.7
-7.6

Aerodynamic,
load Ib

xf

1.3
-11.4
-26.6

2.4
-27.2

11.6
46.0
24.8

-17.0
-68.9
-7.4
51.9

-35.3
-25.0
-42.3
-29.4
-7.4

8.5
41.8
72.8
55.8
23.6
-4.9
18.7

-40.6
-52.6
-81.6
-14.7
-18.1
-0.5

4.1
21.0
38.5
58.7
91.0
46.0

-6.8
-70.0
-50.9
-53.7
-23.6

y
30.2
23.9
55.2

124.2
118.6

2.0
13.1
52.5
99.8

102.8
98.5

177.6
201.5
78.2

135.8
55.1
10.7

-3.4
-1.4

7.2
38.2
12.5

138.2
180.5
156.3
75.5
98.3
16.0
12.9
0.4

-1.6
-7.4

-10,8
-6.9
33.4

110.4
95.4
87.3
62.5
43.9
19.0

z'

-33.8
-27.8
-31.4
-42.6
-39.1

14.8
2.0

-89.6
-120.3
-108.0
-45.6

-115.8
-141.8
-52.1
-88.8
-8.9

7.1
16.9
32.1

1.3
-89.2

-242.3
-162.7
-219.7
-175.7
-90.9

-103.0
-1.8
19.6
1.3
5.3

30.3
33.1

-7.0
-167.7
-258.3
-191.7
-160.3
-91.3
-57.7
-3.7

Nd
No

42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81

Coordinates,
in.

xf

-129.5
-120.0
-90.0

63.0
67.0
61.5
33.5

-1.5
-35.5
-71.8

-104.0
-133.7

136.5
-120.0
-90.0
-53.2

30.0
38.8

-52.0
-90.0

-120.0
-143.0
-120.0
-90.0

-120.0
-139.0
-120.0
-90.0

42.9
60.0
54.6
32.7
7.0

-40.0
-90.0

-120.0
-30.0

0
9.0

28.0

/

162.0
162.0
162.0
132.0
132.0
132.0
132.0
132.0
132.0
132.0
132.0
132.0
144.0
138.0
135.5
139.2
124.0
114.2
102.0
102.0
102.0
102.0
102.0
102.0
72.0
75.4
72.0
68.0

102.0
117.5
117.5
115.5
107.8
90.5
72.0
51.0
81.2
81.2
51.0
12.0

z'

-9.6
4.2

26.2
-47.0
-54.5
-62.2
-78.0
-87.0
-85.0
-72.0
-56.2
-29.5
-11.8

9.5
27.5
53.5

-24.5
-29.0
-87.0
-76.0
-57.5
-24.0

19.0
38.5

-60.0
-20.0

23.0
43.0

-28.2
-53.5
-62.0
-70.0
-77.0
-77.5
-78.5
-40.6

38.5
6.5
0

520.0

Aerodynamic,
load Ib

x'

-17.8
-17.3
-6.3
46.3
28.5
62.5
59.6
21.5

-24.6
-47.4
-56.4
-47.5
-29.9
-12.6
-6.1
-0.3
22.4
20.3

-6.0
-31.9
-59.7
-38.5
-12.1
-1.9

-26.9
-28.1
-6.1
-1.1

6.7
25.5
9.1

17.4
19.5
6.3

-17.8
-11.4

0
0
0
0

y
7.2
6.2
1.8

-13.8
-9.0

-19.7
-6.6
10.0
32.3
44.1
40.6
18.7
8.2
3.6
1.6
0

-3.3
0.3

-12.2
19.2
13.1
1.9
1.0
0.7

-7.7
-4.8

0
0.3
2.8

-9.4
-4.5

-15.5
-31.2
-15.9
-10.5
-8.9

0
0
0
0

z'

2.4
19.5
8.8

45.8
-6.5

-81.3
-150.0
-169.2
-114.0
-114.8
-85.8
-38.3

0.9
13.5
9.5
0.7

30.8
22.9

-135.7
-73.8
-62.0
-9.4

8.6
3.5

-23.4
-11.8

3.5
2.0
7.7
3.9

-13.7
-36.7
-77.5
-27.1
-56.1
-9.6

0.5
0
0
0

types have three translational degrees of freedom per node
and derive their resistance to differential transverse nodal
displacements during a particular step from the tension in the
element at the beginning of the step. The transverse displace-
ments referred to are the (nonrigid) out of plane nodal
displacement for the membrane and the component of the
resultant relative displacement of the ends of the tape element
which is normal to the axis of the element. This initial stress
stiffness is coupled with the conventional stiffness through the
definition of the strain energy and the adoption of a nonlinear
definition of strain (i.e., through geometric nonlinearity).

In the linear-incremental procedure outlined above, the
geometry is updated at the end of each step and the element
stiffness matrices are defined for the new geometry and the
accumulated stress levels. Also, a new load increment which
accounts for the dependence of loading on geometry, is
defined.

Several other piece-wise linear approaches were used in the
analysis. However, each of these is a special case of the
general procedure, obtained by placing restrictions on the
definitions of some of the terms entering Eqs. (1-6). The
variations employed were: (a) constant load increment, i.e.,
the load increment does not vary with the geometry, (b) Con-
stant reference geometry—here the load increment is constant
in the sense of (a), and element stiffness matrices vary only
with the accumulated stress, (c) Iteration—if iteration is
required for the i-j- 1st step, the load increment, {AP£}, and

the accumulated stresses and displacements, ai9 {Qt}, are taken
as constant reference values. The element stiffness matrices
vary only with the stress increments, e.g., for the nth iteration
of the simplest type,

ei + ̂ an-1)] (7)
Convergence is obtained if Aorrt — Aa«_i -^0.

Material Properties

The difficulties associated with any geometrically nonlinear
problem are compounded in the analysis of flexible decelera-
tion systems by the character of the materials normally used
in their manufacture. In particular, it was found in Ref. 6
that the nylon fabric used in manufacturing the parawing
canopy is completely anisotropic. That is, nine independent
coefficients are required in the planar stress-strain relations of
a membrane element. Moreover, the coefficients were found
to be nonlinear functions of the state of stress. In the piece-
wise linear method of analysis, as in the classical linear theory
of elasticity, the existence of the strain energy density function
necessary for the development of the theory requires that the
matrix of elastic coefficients for the membrane elements be
symmetric. For this reason, symmetry was enforced by an
averaging process. The result is an approximation of the
material behavior by six independent coefficients rather than
nine.
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The nonlinearity of the stress-strain relations can be
accounted for at the beginning of each step by merely redefin-
ing the elastic constants in the formulation of the element
stiffness matrices, [K(Qt, a,-)]. However since the canopy
material is anisotropic, the stress-strain coefficients for the
membrane elements are known functions of stress only for the
coordinate axes used in the material tests. It is necessary,
therefore, to determine at each step in the solution the orienta-
tion of the test directions in an individual membrane element
relative to the element coordinate system defined for its
current configuration.

In the undeformed state, these test directions are referred to
as the warp and fill directions. The parawing was fabricated
with the warp direction parallel to the reinforcement tapes,
(Fig. 1). However, not all of the membrane elements in the
finite element model (Fig. 3) are bounded by a reinforcement
tape. The assumed initial warp direction for such elements
is designated by a broken line in Fig. 3.

The averaged (symmetrized) test data yield stress-strain
relations of the form {e} = [G]{o} where [G] is the symmetric
stress-strain coefficient matrix. Relative to the test directions
(warp and fill), these relations are given as:

JL
Et

Sym

1 p

Eft t

J_
Gt

(8)

where the six independent coefficients are functions of the
stresses awt, vft, rwft and t represents the (hypothetical) thick-
ness of the membrane.

Since each of the stress-strain coefficients is a function of
the state of stress, the analysis can be simplified by an explicit
approximation of this functional dependence. In particular, a
quartic surface in the three stresses (17 = owt, f = aft, I = rwft)
was fitted to the Ewt, Eft test data of Ref. 6 and the averaged
1/G, QL/t and p/t data. A cubic surface in 77 and £ was fitted
to the averaged values of p/Et. (The QjL/Et)w and (j^!Et)f
data are assumed independent of the shearing stress.) The
general quartic in 77, f , £ is

F = 0i + #2?? + fls£ + a^t, + asr]2

f £

The expansion coefficients at relative to the general quartic,
are presented in Table 2 for each of the stress-strain moduli.
The null coefficients reflect the order of the fit in a given
stress. In particular, during the testing6 of a warp specimen,
data were obtained for Ewt vs 77 curves at five or more values
of T? and £ but at only three values of £. Thus, a quadratic
is the highest order fit permissible in the fill direction, and any
term containing powers of f greater than the second must be
deleted prior to fitting the data. Similarly, powers higher

Table 2 Quartic expansion coefficients for membrane stress-strain relations*

Stress-strain coefficient

Coef.
No.

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35

Ewt

.37820£ + 3

.52486£ + 1

.35934£+l

.68208£ + 3

.60897£-1
-.20957£-2
-.3520LE+1
-.66092E-1
-.20916£+2
-.31377£+3

.18112£-2

.43526£-2

.45748£-l

.35527£ - 2
-.88050£-1

.11019E+1
0.0
.48314
.11529E+2

-.36975£+l
-.28222£-4
-.22040£-4
-.13031£-3
-.72831£-4
-.74450£-3
-.16779E-2

0.0
-.12962£-2
-.58793E-1
-.37215

0.0
0.0

-.21072
.10011
.73698£ + 1

Eft

.24074£+3
-.93098£+1
-.19504

.2701 7£+ 3

.16208

.12605

.12651£+2

.23901
-.29007^+1
-.12629£+3

0.0
-.39288^-2
-.15018

.17024£-2

.44563
-.15404£-2
-.31879JS-2
-.79805£-2

.16541£+1

.34163£+2
0.0
0.0
0.0

-.19664£-5
-.34369^-2

.12922
-.92760£-5

.35002^-4
-.91519£-1

.26141^+1
A4123E-4

-.35774£-3
.17502£-1

-.40235
-.37886^+1

Gt

.55354^+1

.58036£ - 1

.58310£-1
-.26130£+2
-.16794E-1

.49002^-1

.75753
-.16876E-1

.75895

.54615E+2

.1267 3E- 2
-.21829£-2
-.57274£-2
-.21755£-2

.42006£-1
-.97909£-1

.12700£-2
-.57924£-2
-.97919£-1
-.31253E+2
-.17915£-4

.37916£-4

.15169£-3
-.45126^-6
-.538281s -3

.58429^-3

.311S1E - 4
-.53807^-3

.25824^-2
-.55272E-1
-.17935£:-4

.15193E-3

.59921E-3
-.55379E-1

.53358£:+l

plEt

.60800^ -
-.11017£-
-.10710E-

0.0
.14558^-
.14837£-
0.0
.13983J&-
0.0
0.0

-.63958£-
-.74981J?-

0.0
-.55673^-

0.0
0.0

-.61285£-
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

3
4
4

6
7

6

9
10

10

9

*/t

-.12834£-2
.30310£-3
.18922£-3

-.12876^-4
-.16399£-4
-.30787£-4

.68016^-3
-.55952^-5

.48865^ - 4

.3091 8£- 2

.28777 E - 6

.13536^-5
-.11560£-4

.44784^-6
-.18613^-5
-.90790^-4

0.0
.50989£-5

-.25707^-4
-.78957^-3
-.13579^-8
-.16708^-7

.51162E-7
-.88668J^-8
-.74068£'-7

.10816^-5
0.0

-.15361^-6
.25194^-5
.34944E - 5
0.0
0.0

-.21616E-6
-.59589^-5

.95031E-4

Pit

-.24446E-2
A3411E-3
.24651E-3

-. 83920£-2
-.13816JE-4
-.43068^-4

.18114^-4
-4.2732^-5

.29935£-3

.23848^ - 2
0.0
.13168£-5
.12046^-4
.85938^-6
.60596^-5

-.11214E-3
-.64859E-1
-.51281£-5
-.17304^-4
-.33674£--3

0.0
0.0
0.0

-.24285£-7
-.35342JS:- 6
-.11477^-5
-.11758J5;-8
-.86555E-7

.22943.E - 5

.27762^-4

.14521E-8

.38235.E - 7
-.88832£-7
-.10651£'-5
-.81718jE-5

a the notation aE + b means (a) x (10 + b)
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Table 3 Elastic properties of tape elements

Par awing element no.

131, 132, 136-140, 145-149,
157-162, 181, 183, 185, 187
133, 134, 135, 150-156,
163-166, 182, 186, 188
141-144, 184
167-180, 192, 193
189
190, 191

Modulus
EA (Ib)

5,600

11,400

22,000
32,200
20,000
7,200

than the second in 17 had to be deleted prior to fitting the Eft
data. Finally, the zero coefficients for jji/Et follow from the
use of a cubic in T? and f and the fact that fju/Et was assumed
independent of £.

The coefficients shown in Table 3 represent test data for
shear stresses in the range — 3.0 < £ < 3.0 Ib/in., and for f
and 77 up to about 25 Ib/in. That is, the warp specimens were
tested in the warp direction for stresses exceeding 50 Ib/in. but
only up to 25 Ib/in. in the fill direction. A similar statement

moduli for the tape elements were assumed to be constant.
The values used are given in Table 3.

The element stiffness matrices used in the analysis were
derived following Ref. 9. (An alternative derivation is
presented in Ref. 11.) The tape element stiffness matrix is in
agreement with Eq. (II),9 and the geometrical stiffness for
the membrane element is a generalization of Eq. (37)9 to in-
clude anisotropic material properties. The current membrane
element stiffness matrix (element coordinates) is given by
Eq. (10). The numbers uhvh\Vi are the x, y, z (element axis)
coordinates of the displacements of node L The origin of the
element coordinate system is at node 1. Nodes 2 and 3 have
coordinates (x2, 0, 0) and (x3, y3, 0) respectively. The para-
meters a and b are defined as

a = (x3 — x2)/x2y2, b = x3/x2y2

and r = rxy. The superscript / has been dropped from the
initial stress, A denotes the surface area of the triangle, and
Di are the elements of the matrix, [D]9 of stress strain relations
/>i = />n, D2 = D22, D2 = D33, D4 = D12, .D5 = D13,
D6 = D23, the matrix [D] is obtained by transforming the
square matrix of Eq. (8) to element coordinates and inverting.

U2

^|-2^Xa2D3 1

X2

0

lX^.(a + t) _ a b r >

X2

0

~^3 " x2 y3

a D6 _ • DU

0

1

X2 2

0

^**5^-.>*

l£|+^.(a + t) _ i b D 2

X2 2

0

*-3&

rD2-^|-

0

X2 ~ X2 ^ ^y

0

0

=S + L ( a ^) - .b . c r y

2

0

0

^CTy-^-

|

X2

0

-P5 k_D

DH _ ^ > p

0

1
1
1

SYMMETRIC
1
1
1
1

•|-tB6-2
D2

0

•

^^

| X 2 y 3 "3 2

1

1

X2

0

0

1

1

~~2

\ ^

-2--^«V I o
j '2/3 ^ |

Dg.

0

1 »
(10)

holds for the fill specimens. The range of the coefficients
was extended to approximately 50 Ib/in. in 77 and £ by fitting
a combination of test points and extrapolated points. In the
analysis, if the stress in an element exceeded the range of
validity, the stress-strain coefficients were evaluated at the
range limit, i.e., 50 Ib/in.

It is important to note that the membrane elements cannot
support compression. If a solution indicates that compressive
stress, say £ = —5.0 Ib/in., exists in an element, the moduli
for the next step are evaluated for £ = +1.0 Ib/in. and 77 and £
equal to the actual values. Negative shear stress is possible,
and the shear modulus G is an even function of £. On the
other hand, a and /3, the coefficients of interaction of the first
and second kinds,12 are odd functions of £.

The suspension lines and reinforcement tapes are repre-
sented by tape elements. Test results indicate a linear range
for these elements which includes the expected loading for the
problems considered here. For this reason, the elastic

Test Problem, Results and Discussion

In order to demonstrate the convergence of the finite
element method, several solutions were obtained for a tape-
stiffened cylindrical membrane subjected to a uniform internal
pressure. To obtain a degree of similarity to the parawing,
an undeformed radius of 10.0 ft was selected, the parawing
material properties were used, and the internal pressure was
taken as the mean intensity experienced by the parawing in
the regions of primary interest. The plan view of the finite
element model is shown in Fig. 4. The numbers at the inter-
sections of the elements are node numbers. The circled
numbers designate membrane elements. Tape elements
connect nodes 1,2.. .7 and 29,30.. .35. These tape elements all
have an elastic modulus of EA = 8340 Ib. In all there are
35 nodes and 60 elements of which 48 are membrane elements.
The free-free system has 105 degrees of freedom. Of these,
24 are constrained by the boundary conditions, resulting in
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35 b

Fig. 4 Test problem elements, plan view.

81 degrees of freedom for the constrained system. Referring
to Fig. 4, the cylinder is restrained against longitudinal x
displacement at its ends, and against tangential displacements
along sides a and b. The warp direction parallel to 1-7.

The most important problem associated with applying the
piecewise linear method to an initially unstressed tension
structure is the determination of the proper element stress
level to be used with the first load increment. It was found
that an iteration process is required to determine the state of
initial stress (in each element) which insures a correct start
on the solution. A three-cycle process was used for the
cylinder problem. For the first cycle, an estimate is made of
the minimum stress that could exist in an element in equi-
librium with the prescribed load increment. The initial state
of stress for the element is then taken as an order of magnitude
larger than the minimum. Shearing stresses are assumed to
be zero. For example, for a tape element with length L (in.)
and an incremental distributed load Aw (lb/in.), the minimum
stress is a A = Aw L/2 (Ib), corresponding to a completely
slack configuration. Thus, the initial stress is taken as
viA = 5.0AwL. Similarly, for a triangular membrane element
of base length x2 and altitude y3, with an incremental distri-
buted load A W (lb/in.2), the initial stress is taken as

axt = ayt = 5.0&Wx2y3/(x2 + j>3), rxy = 0

After defining the initial stresses, {ai}k
9 the element and system

stiffness matrices corresponding to these stresses and the
initial configuration, (Gi} = {0}, are formed. An increment
in stress, {Acr}k, is obtained by applying the first load increment,
{APJ, and solving equations 1, 4 and 6. A new initial stress
is then defined as {ai}fc = ifA^}*, and the process is repeated.
Three cycles were sufficient to insure convergence of the (cri}fe

to within 10 %. This iteration is identical to that described by
Eq. (7) with the unstressed state as the reference configuration.

Using the starting values as outlined above, six solutions to
the cylinder problem were obtained. These include 3-step
and 5-step linear-incremental (Li.) solutions, a 3-step piece-
wise linear solution with constant load (variation A\ a 3-step
piecewise linear solution with constant geometry (variation B\
and an iterative solution (variation C). With one exception,
the solutions employed para wing material properties. The
exception was a three step Li. solution where constant isotropic
coefficients corresponding to the unstressed parawing values
for Ew, G, and p,/E, were used.

The distribution of warp stress along the line connecting
nodes 15-21 is presented in Fig. 5 for each of the six solutions.

O L.I. (3 STEP) D VARIATION A (3 STEP)

O L.I. (5 STEP) A VARIATION B (3 STEP)

(j) ISOTROPIC (3 STEP) V VARIATION C (5 STEP)

62.0

15 16 17 18 19
NODE NUMBER

20 21

Fig. 5 Warp stress along node line 15-21 for test problem.

It is interesting to note that of the 3-step solutions using para-
wing material properties, the linear incremental solution
predicts the largest stresses and the constant load increment
(variation A) predicts the lowest. This is to be expected, since
the linear-incremental solution accounts for the changes in
geometry in both the element stiffness definition and in the
determination of the load increment (from a prescribed con-
stant pressure increment), while the constant load increment
solution applies the same nodal loading at each step to a
deformed configuration which, in effect, reduces the applied
pressure increment.

The itotropic 3-step Li. solution predicts a maximum warp
stress which is 8% less than the maximum predicted by the
same type of solution using parawing material properties. On
the other hand, the maximum fill stress in the isotropic solu-
tion was approximately 17 lb/in. compared with 6 lb/in. for
the parawing material. This increase in biaxial coupling is in
keeping with the increase in the modulus of elasticity in the fill
direction to a value equal to the warp modulus.

The 5-step Li. solution predicts a maximum warp stress
which is 5 % less than the maximum predicted by the com-
parable 3-step Li. solution, indicating convergence from above.
This is a logical result of the membrane element formulation,
since the resistance to differential transverse displacements of
an element under the action of a load increment is developed
entirely by the stress in the element at the time the increment
is applied. Thus, starting from a given state of stress, a load
increment applied in one step will (for stable structures) yield
larger displacements and final stresses than would result if
the same load increment were applied in several steps with a
redefinition of element stress (and hence stiffness) at the
beginning of each step.

The iterative solution (variation C) represented in Fig. 5
was obtained by executing five iterations with the total load.
Element stiffnesses were redefined at the beginning of each
step according to Eq. (7), with the unstressed geometry being
used as the reference configuration. The initial stresses were
estimated by the same technique employed for the incremental
solutions, with the total load used in the place of the load
increment. It is noteworthy that the iterative solution
predicts a maximum warp stress which is 14% less than that
predicted by the 3-step Li. solution. This result seems to
contradict the sense of convergence implied by the 3-step and
5-step Li. solutions. Such a judgement is premature, however,
since the history of the elastic moduli as functions of stress as
used in the Li. solutions approximates the prescribed stress-
strain relations whereas in the iterative solution, the final
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stress (a) is based only on material properties appropriate to
a/2. Furthermore, the iterative solution is based on a
constant reference geometry which, (as noted above) naturally
leads to a lower estimate of stress than would be predicted by
a comparable l.i. solution.

Parawing Solution

The boundary conditions for the parawing problem were
selected to represent the flight conditions as nearly as possible.
In particular, the only constrained degrees of freedom are
those at nodes 79-81, so that, in effect, the parawing lobe is
free except for the restraints at the center lobe reef point and
the suspension line attach point to the test vehicle. The result
is a 234 degree-of-freedom representation.

Solutions for the parawing proved to be much more
difficult to obtain than was expected based on the success of
the test problem. Indeed, the degree of convergence of the
first step, necessary to support a linear incremental solution,
(or variations A or B), was never achieved. As a last resort,
a 1-step iterative solution was attempted. That is, the entire
load of Table 1 was applied at each iteration. After twenty
iterations, the solution trend was established to the extent that
average results can be presented with a reasonable degree of
confidence. These results are shown in Tables 4-6, and in

Fig. 6. Table 4a presents the membrane stresses, while
Table 4b gives the stresses in the tape elements. The reactions
at the constraints are presented in Table 5, and the average
nodal displacements are given in Table 6. Finally, Fig. 6
shows the stress distribution in the region where the canopy
failure was experienced.

Based on their variations in the final iterations, the nonzero
stresses shown in Fig. 6 should be within 20 Ib/in. of their final
values. Since the fabric breaking strengths are approximately
100 Ib/in. in warp and 85 Ib/in. in fill, these results predict a
failure in the region where the failure actually occurred.
Furthermore, based on the results of the test problem, the
stresses predicted by the iterative solution should be smaller
than those predicted by a linear incremental solution. It
seems likely, therefore, that the canopy failure was due to the
severity of the loading rather than an initial weakness in the
fabric. The process of convergence (i.e., the intermediate
solutions) indicated that the probable reason for the high
loading in the region of failure was the absence of a suspension
line at R3% (Fig. 1). It was found that the stress in the fabric
between R3 and R4 is reduced considerably if a larger axial
load (i.e., transverse stiffness) is carried by tape R3%. This
would be the case if R3? terminated in a suspension line.

The large number of iterations required in the solution was
necessitated by the tendency of certain elements to go into
compression. This tendency is the result of the asymmetric

Table 4a Element stresses for parawing; membrane element stresses (Ib/in.)

Element
No. awt

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43

86

90
115

'54
53
95
105
70

120

48

120

78

16

43
29

35
46
18
53

95
27
27
22
61

96

aft

30
136

10

79
85

29
37
24
7
66
60
105
42

17
35
56
47
60
107

207
6
89
30
15
26
26
11
33

48
56
38
23

14

Twft

6
-36

-34

15

16
16

li
5

-14
-31
-8
-12
30

-23
44

-13
26
21
21
20
-4
-7
29
8
25
-3
10

-10
-2
1

-18

-26
4
4
2

-55
• • * •
4

Element
No.

44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86

<M

10
44

23
88
85
11
5
28
7

1

1

12
10
4
2
6
6

170
225
35

60
48
60
67
48
56
40
85

4
5
18
3
6
7

<jft

5
27
13

8
25
25
25
36
5
8
2
12

6
6
3
1
2

26
16
43
130
245
150
720
26
12
21
5
12
23
10
28
1
6
6
9
15
1

rw/r
10
2
8

'"l
— 5
2
10
2

-4
-4
1
1

1
-4
1
0
0

-6
-1
1

-70
-80
14

-345
1
9
15
4

-8
-8
-7
16
-2
0
0

-1
-5
0

-1

Element
No.

87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130

CM

1
4

670
31

102
48
66
36
48
46
42
36
44
35
30
20
2
5

2
7
22

1
5
22
29
38
14
17

8
5
32
1
2
4

58
4

oft

1

1

660
19

*26
35
22
8
13
1

"7
15
5
6
3
2
9
4
1

13
1
1
8
60

12
1

20

3
10
1
6

is
12
52

rwft

33
75
4

8
11
6

11
1

-1
6

- 9_ o
1

-1

-10

-4
_ c

-10

-6
-3

'-3

-3

3
-12
-1
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Table 4b Element stresses for parawing; tape element stresses Table 5 Reactions at parawing constraints

El.
no.

131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151

GA
(Lb)

58
162
630
364
464
...
40
77
566
338
735
1705
1400
1305
250
288
547
424
325
173
138

El.
no.

152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172

GA
(Lb)

382
440
537
626
629
8

•
83
231
56
173
146
162
69
409
655
1560
1765
1050
1780
1805

El.
no.

173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193

GA
(Lb)

4030
720
2145
2230
2505
1498
334
530
125
140
167
1369
835
1100
407
308
1105
480
178
829
1350

character of the geometry and loading. Since the structure
cannot actually support such a state, the compressive stress
must be ignored in the formulation of the element stiffness

Node
no.

79
80
81

Force component (Ibs)
x'

-365
591

- 33

/

- 585
-1202
- 447

z'

398
2346
1166

matrices. This results in an erratic pattern of stiffness defini-
tion and hence, the procedure is not actually an iteration
process. It is more accurately characterized as a search for
a tension state. It was found that the simple process given
by Eq. 7 is not adequate for such a search, since it tends to
diverge once an element has gone into compression. How-
ever, a modification of the process obtained by averaging the
increments improved the stability. Explicitly, for the nth
iteration (from the unstressed state),

Furthermore, the automatic process for selecting an initial
tension in the elements (described in the preceding section)
tends to underestimate the loads carried by the tape elements.
This leads to an initial divergence of the parawing solution,
since the tension in the tape elements furnishes nearly all of
the restraint against large displacements of the system as a
whole. On the other hand, up to the iteration at which

Table 6 Parawing nodal displacements

Node

No.

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39

Displacement comp. in.

x'

4.5
2.0
2.7
5.0
0.0
2.5
3.5
3.3
6.5
6.5
1.2

-6.5
5.0
3.5
3.5
0.7

-3.1
-0.5
-1.8
-5.5
-4.7
-5.0
-7.0
-6.0
-6.0
-4.5
-1.4
-0.6
-2.5
-3.5
-0.5
-1.5
-2.5
-2.6
-2.8
0.2
1.0

-3.1
-3.1

/

+4.0
-3.6
-1.6
7.7
6.4
3.3
0.7
3.8

-0.6
-0.6
-0.3
-3.3
4.0
12.5
6.9
8.9
7.2
2.5
3.1
10.3
5.6
4.2
8.0
6.1
5.4
8.8
14.0
9.9
9.2
10.4
1.8
0.8
1.7
6.3
6.8
1.7
4.2
5.1
6.8

z'

-14.3
-21.6
-18.8
-23.9
-29.5
-13.1
-12.7
-11.2
-15.3
-25.5
-23.8
-23.1
-57.1
-39.3
-28.1
-29.1
-33.5
-14.9
-17.9
-13.4
-16.5
-18.7
-31.9
-30.2
-39.7
-27.6
-29.0
-26.1
-25.1
-23.2
-11.6
-11.5
-13.3
-13.3
-12.7
-14.3
-29.9
-23.5
-23.9

Node

No.

40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78

Displacement comp, in.

x'

-4.9
2.0
0.4

-0.3
-3.2
-3.5
-4.0
-4.6
-0.6
1.5
1.9

-0.7
-2.0
-3.6
-5.5
-0.7
-0.9
-3.1
0.0
0.3
3.2
0.1

-2.6
-3.5
-2.6
-2.1
1.6

-3.5
-4.2
-5.5
-0.2
-4.0
-3.8
-3.8
-1.4
1.9
2.8
2.2

-4.5

/

9.7
8.6
9.2
9.6
10.2
-1.1
2.3
2.8

-0.3
0.8
2.6
4.2
7.2
7.5
9.2
9.8
9.9
11.6
1.5
1.8
1.5
4.3
5.0
7.7
11.1
11.1
4.4
8.1
12.0
10.7
1.8

-1.7
2.2
1.0
2.2
2.7
4.6
7.2
9.5

z'

-28.4
-27.6
-26.3
-25.8
-21.8
-5.5
-0.2
-1.8
-9.6
-19.2
-18.3
-22.7
-25.8
-23.8
-24.2
-22.6
-22.7
-20.0
-0.4
-0.1
-12.2
-17.5
-20.7
-20.2
-19.5
-22.3
-15.7
-19.2
-18.7
-17.8

0.8
-4.7
-4.0
-6.8
-11.6
-8.4
-12.3
-12.8
-11.7
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N6TE: STRESSES ARE SHOWN AS (aw t, af t), (Ib/in)

Fig. 6 Critical stress region for parawing.

compression was first reached, monotonic convergence of
element stresses was obtained when the tape stresses for the
first step were overestimated.

Referring to Table 4, the elements for which compressive
stresses were predicted are denoted by a dashed line in the
appropriate normal stress column. In Fig. 6, the predicted
compressive stresses are denoted by a zero value. The dashed
lines in the shear stress columns of Table 4 indicate that this
stress is negligible. The abnormally large stresses predicted
for elements in the neighborhood of elements 71 and 91 are a
consequence of the incompatibility of the geometry and
aerodynamic loading conditions. That is, these elements are
resisting a rotation of the canopy as a whole about the z' axis.
Such a rotation did not occur in the flight test. However,
this should have little effect on the stress distribution in the
region where the failure occurred, since this region is fairly
remote from the over stressed elements.

Finally, it should be noted that for a system such as this,
which has no geometry-defining boundary conditions, the
importance of first step convergence to the validity of the
subsequent steps of a linear-incremental solution cannot be
over-emphasized. No satisfactory piecewise-linear solution
can be accumulated for a monotonically increasing loading
unless the stress and displacement increments are also mono-
tonic. This fact was rediscovered on several occasions in the
present analysis. In particular, solutions of the basic linear-
incremental type, as well as types A and B, were attempted
from various initial states for which complete convergence

had not been obtained. None of these attempts was suc-
cessful.

Conclusions

The nodal displacements, reactions, and element stresses
for a finite element representation of the right lobe of a NASA
parawing have been determined for the critical (failure)
geometry and aerodynamic loading defined by a previous
flight data analysis. Nonlinear, anisotropic material proper-
ties were used in the triangular membrane elements represent-
ing the parawing fabric. These material properties were
obtained from NASA test data.

A piecewise-linear iteration technique was used to obtain
the solution. This approach was made necessary by the lack
of convergence in several attempts to solve the problem by the
linear-incremental method. Although the iterative solution
converged only approximately, the results predicted stress
levels sufficient to cause failure in the region where a failure
was experienced in the drop test. Furthermore, a probable
cause of failure (lack of suspension lines at all reinforcement
tapes) was indicated. However, failure stress levels were
predicted in several elements which did not fail in the test.

The problems with convergence which were experienced in
the solution are thought to be primarily the result of the asym-
metric geometry and loading conditions, and the resulting
tendency of certain elements to go into compression.

It was found that for an essentially free system like the para-
wing, first step convergence is absolutely essential for a suc-
cessful incremental solution. For this reason, it is.felt that
additional work relative to the search for an initial tension
state is required before parawing-like systems can be con-
sidered amenable to rigorous structural analysis.
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